In this paper we study prime and maximal ideals in a polynomial ring R [X], where R is a ring with identity element. It is well-known that to study many questions we may assume R is prime and consider just 7?-disjoint ideals. We give a characterizaton for an 7?-disjoint ideal to be prime. We study conditions under which there exists an /?-disjoint ideal which is a maximal ideal and when this is the case how to determine all such maximal ideals. Finally, we prove a theorem giving several equivalent conditions for a maximal ideal to be generated by polynomials of minimal degree. 0. Introduction. Let R be a ring with identity element and R[X] the polynomial ring over R in an indeterminate X. If P is a prime ideal of R [X], by factoring out the ideals P n R and (P D R) [X] from R and R [X], respectively, we may assume that R is prime and P D R = 0. That is why we will assume here that R is a prime ring. Then R[X] is also prime. A non-zero ideal (resp. prime ideal) P of R [X] with P fl R = 0 will be called an /^-disjoint ideal (resp. prime ideal).
know the characterization is not explicitly written in any place directly for polynomial rings. Secondly, the results of Section 1 are also required in the rest of the paper.
Finally, in Section 4 we give some additional remarks and examples. Throughout this paper R is a prime ring with identity element. If / is an R-disjoint ideal of R [X] , then by p(I) (resp. r(/)) we denote the ideal of R consisting of 0 and all the leading coefficients of all the polynomials (resp. polynomials of minimal degree) in /. If / e R [X] , df denotes the degree of/and lc(/) denotes the leading coefficient of f. The minimality of / is defined by Min(/) = min{d/:0 ¥*f e /}. The notations => and a indicate strict inclusions and we denote by Z = Z(R) the center of R.
We point out that ideal means always two sided ideal and R-disjoint maximal ideal means maximal ideal which is i?-disjoint.
Prime ideals.
First we recall the following well-known lemma. A proof of it has appeared in several places (e.g. [9, Corollary 2.13]). LEMMA 
Let P be an R-disjoint ideal of R[X]. The following are equivalent: (i) P is a prime ideal of R[X\ (ii) P is maximal in the set of R-disjoint ideals of R[X].
As in [3] we let T = {feR [X] :df>l and arf=fra, for every r e R, where a = lc(/)}.
For / e F with a = lc(/) we put (i) P is prime.
(ii) P is closed and every f e P with df = Min(P) is completely irreducible in T.
(iii) P is closed and there exists f e P with df = Min(P) which is completely irreducible in T.
Proof. (i)=^(ii). If P is prime, then P is closed by [3, Corollary 1.9, (i)]. Assume / eP,df = Min(P) and 0 *fb = hg, for b e R and geT. By factoring out convenient ideals we may assume that L = 0. Second, determine all the i?-disjoint maximal ideals of R [X] in case the set of all these ideals is not empty.
We extend the terminology used for commutative rings [7] . If /? is a prime ring, then the intersection of all the non-zero prime ideals of R is called the pseudo-radical of R and is denoted by ps(/?).
We begin this section with the following extension of [6, Lemma 3] .
Proof. If X e P, then P = XR [X] and for r e (P + L[X]) DRwe easily obtain r e L. So we may assume X & P.
Suppose that there exists r s R\L such that r = h, + h 2 , for some /i, e P and , where a, E ps(R) for 1 < / < n. PROPOSITION 
Assume that M is an R-disjoint maximal ideal of R[X]. Then one of the following possibilities occurs: (i) X E M, R is simple and M = XR[X\
(ii) X $Mand MH(1+X ps(R)[X]) # 0 . Proof. If X e M (i
. There exists an R-disjoint maximal ideal of R[X] if and only if either R is simple or there exists f e 1 + X ps(R)[X] such that [f] # R[X].

Proof. If there exists a maximal ideal M of R[X]
with M n R = 0 we have that either X e M and R is simple or there exists / e M n (1 + X ps{R) [X] 3. Maximal ideals generated by poynomials of minimal degree. As we have seen in Section 1, if P is an R-disjoint prime ideal of R[X], then P is determined by just one polynomial of minimal degree in P. However, it is well-known that P is not necessarily generated by its polynomials of minimal degree (see Example 4.1).
The purpose of this section is to study when a maximal ideal M of R[X] with M n R = 0 is generated by the polynomials of minimal degree in M.
Suppose that / , g are in R[X] and / = gX'. In this case we will denote g by fX~'. In this section we will use frequently polynomials / e 1 + XR [X] . A polynomial of this type will be called comonic.
Let S be a ring. Recall that an element a e 5 is said to be normal if Sa = aS. In this section we will consider ideals which are right principal generated by normal elements. An ideal of this type is, of course, also a left principal ideal and will be called simply a principal ideal. Also, ideal generated by some elements means generated as right ideal by those elements. We will see that in our case this is the same as saying generated as left ideal, instead of right ideal.
For an R-disjoint ideal M of R[X] we will consider the following conditions: (M^ M is generated by polynomials of minimal degree. The right ideal of R generated by all the coefficients of polynomials of minimal degree of M is R.
The main purpose of this section is to prove the following theorem. THEOREM 
Let M be an R-disjoint maximal ideal of R[X] with X $ M. Then conditions (Mj) -(M 7 ) are equivalent.
Note that for an R-disjoint maximal ideal M with X e M conditions (M,) -(M 7 )
, with the exception of (M 6 ), are all satisfied. Thus from Theorem 3.1 the following is clear. COROLLARY 5 ) and (M 7 ) are satisfied. REMARK 3.3. We consider above ideals which are generated in some way as right ideals. Since there are several conditions (M,) which are symmetrical, the same result holds if we change right by left.
Let M be an R-disjoint maximal ideal of R[X\ Then M is generated by polynomials of minimal degree if and only if either X G M or M contains a polynomial of minimal degree f which is comonic. In the first case M = XR[X] and in the second case M -fR[X]. In particular, in this case conditions (M 2 ) -(M
We prove the theorem in several steps. Consequently £ g t h m is a polynomial of minimal degree in M which is comonic.
•
1=1
To complete the proof of Theorem 3.1 it remains to prove that (M 7 ) ^> (M 6 ). This is the most difficult part of the proof and requires some preparation.
Let / be an R-disjoint ideal of R[X] and set t > Min(/). We put /A,(/) = {b E R; there exists h si with dh = t and \c(h) = b}U {0}. Then n,(I) is an ideal of R and for n = Min(7) < r < 5 we have T(/) £ p.,{I) £ fJi s (I) ^ p(/) and p(/) = U M,(/)- LEMMA 
Assume that P is an R-disjoint prime ideal of R[X] which contains a comonic polynomial f of degree m > Min(P) = n, where m is minimal. We have: (i) Ifm=n, then f e Z[X] and P =fR[X]. (ii) Ifm>n,then p(P) = n m (P) = /i«-i(P) + aR, where a = lc(/) <£ ti m -,(P) and P is generated by its polynomials of degree
It is clear that y(P) + aR <=(*(P).
A similar computation as above shows that if t = m, then c-ac o e y(P), where h = ^""c + . . . + c 0 e P. Thus JU,(7>) = y(P) + aR.
Finally, if a s y(P) there exists g e P with dg = m -1 and lc(g) = a. Then / -gX e P is a comonic polynomial of degree smaller than m, a contradiction. • Proposition 2.4 and Lemma 3.7 give the following corollary which is of independent interest. COROLLARY 
Let M be an R-disjoint maximal ideal of R[X\ Then there exists an integer m ^ Min(A/) such that M is generated by its polynomials of degree at most m.
Now we are ready to complete the proof of Theorem 3.1. 
Examples and additional results.
We begin this section with the following example showing that there exist irreducible polynomials which are not completely irreducible as well as i?-disjoint prime ideals which are not generated by polynomials of minimal degree. e P, where h is a monic polynomial of degree one, a contradiction.
In Section 2 we proved that if there exists an 7?-disjoint maximal ideal of R[X], then ps(R) ¥= 0. The next example shows that in general the converse is not true. EXAMPLE 4.2. Let R be a subdirectly irreducible ring with identity and idempotent heart H (for example, take R as the ring of all infinite matrices over a field having only finitely many non-zero entries and adjoin an identity). Then R is a prime ring, ps Another example for the same question is the following. Conversely, let M be a maximal ideal which satisfies the above conditions. If X e M, then R is simple and ps(/?) = R. We are done in this case. So we may assume X & M.
By Theorem 3.1 there exists a comonic polynomial / = X"a n + . . . + A r a , + l e A / n Z[X] such that M =fR [X] , where a n # 0 and n = Min(M). Also, by Proposition 2. 
